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1. Introduction 

Let N be the set of natural numbers n = 1, 2, • • • . For a sequence of real numbers 
{c(n)}„gN and a real-valued locally integrable function g : (0,c«) — )■ M, we consider a 
weighted summatory function 

oo 

h{x) = Y,c{n)g[^). (1.1) 

n=l 

Typical example of a weight function is the step function g^t which is defined by gstiu) = 1 
for < y ^ 1, and gstiv) = for y > 1. In this case, we obtain the usual summatory 
function J2ni:x 

As is often the case with an arithmetically defined sequence {c{n)}n^n, a certain 
reasonable estimate h{x) = 0{x^) {x — )• oo) is a sufficient or an equivalent condition to 
the Generalized/Grand Riemann Hypothesis (GRH for short) for some zeta/L-function. 
On the other hand, the monotonicity of J h(t) dt for large x ^ c > may also be a 
sufficient or an equivalent condition to the GRH for some zeta/L-function. 

In the present paper we study the latter type conditions for a family of weighted 
summatory functions with certain specific weights in terms of the sign of /i(x), since the 
monotonicity of J h{t) dt for large x is equivalent to the condition that h{x) has a single 
sign for large x. 

We mention two examples of the monotonic condition. The first one is Polya's con- 
jecture. Let A(n) = (— 1)^("-) be the Liouville function, where VL{n) is the number of all 
prime factors of n counted with multiplicity. Polya |15) conjectured that the value of the 
summatory function 

oo 

^ A(n) • = A(n) (1.2) 

n=l n^x' 

is nonpositive for x ^ 2 and noted that it is a sufficient condition for the Riemann 
Hypothesis (RH for short), but it was disproved by Haselgrove [5]. However, recently, 
Polya's approach resurrected by Ram Murty |16| by considering an analogue of the Polya 
conjecture to L-functions of elliptic curves. 

The second example is Chebyshev's conjecture. Let w : N — )■ {0, 1} be the characteris- 
tic function of odd prime numbers. Chebyshev [1] asserted that the weighted summatory 
function 

oo 

J](-l)^n7(n) • g (^) {g{y) = exp(-y)) (1.3) 

n=l 

is nonpositive for large x > without a proof. Subsequently, Hardy-Littlewood [3] and 
Landau |10| proved independently that Chebyshev's assertion is equivalent to the GRH 
for the Dirichlet L- function L(s, X4) associated with the primitive non-principal Dirichlet 
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character X4 mod 4. Moreover, Knapowski-Turan [8] proved that the nonpositivity of 
the weighted summatory function 

oo 

J]](-l)'^ro(n)logn-5Q) (^(y) = exp(-(log y)^)) (1.4) 

n=l 

for large x > is also equivalent to the GRH for L{s, x^)- the later, Fujii [2] generalized 
Chebyshev's equivalence condition to the weight function g{y) = exp(— y") for every 
< a < Qo {oiQ > 4), and conjectured that it holds for all q > 0. Furthermore, he 
proved that Knapowski-Turan's equivalence condition still holds if their weight function 
is replaced by the inverse Mellin transform 2Ko(2y^y) of r(s)^, where Kn{x) is the K- 
Bessel function of index n and T{s) is the usual gamma function. 

As mentioned in the final section of Fujii [2], we may replace the weight g in (|1.3p 
or p.4p by a more general weight. Similarly, it is expected that we obtain various 
equivalence conditions of the RH by replacing the weight in (|1.2p by other reasonable 
weights as an application of several standard techniques of analytic number theory 

The main subject of the present paper is a family of specific weighted summatory 
functions /ijf^ : (0, oo) — ?• M associated with general L-functions L(/, s) in the sense 
of Iwaniec-Kowalski [6l §5.1] endowed with two parameters < a; < 1/2 and k G N. 
It is introduced in Section [2j The main result is that, for arbitrary fixed fc ^ 2, the 
monotonicity of Ji h^flj{t) dt for large x > for all < a; < 1/2 is equivalent to the 
GRH of L(f,s). It is stated precisely in Section [2] as Theorem 12.11 ^ [2.41 together with 

(k) m 

a little comment on a background of hj ^. These results are proved in Section |4] and 
Section [5] using two basic facts stated in Section [3l 
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2. Results 

We start from two special cases of the main result (Themore 12.31 in below) for the 
simplicity of statements. That are cases of the Riemann zeta function and Dirichlet 
L-functions. The main result will be stated after these two special cases and a brief 
introduction of general L-functions. We shall give a little comment on the main theorem 
and its background after Theorem 12.41 

2.1. Riemann zeta function. Let ((s) be the Riemann zeta function which is defined 
by the series X^^^ n^'^ for 5}?(s) > 1 and extended to a meromorphic function on C with 
the unique pole of residue 1 at s = 1. We denote by j{s) the factor 7r~^/^r(s/2) of the 
Riemann xi-function ^(s) = s{s — l)7r~*/^r(s/2)C(s). Let B{z;p,q) be the incomplete 
beta function defined by 

B{z;p,q)=[ xP^\l - xy~^ dx (0 ^ z ^ 1, 5}?(p) > 0, 5R(g) > 0). (2.1) 
Jo 

We use the notation 

(3{z-p,q):=B{p,q)-B{z;p,q) = x^^^l - xf"' dx. (2.2) 
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Let < (x! < 1/2. We define the real- valued function on (0, oo) by 

5 - 2a; \ 

(2.3) 



for < X < 1, and guj{x) = for x ^ 1. In addition, we define 

Un):=n-Y.^^ (2.4) 

d\n 

for natural numbers n, where /u(n) is the Mobius function, i.e., /u(n) = if n is not a 

square free number, and fi{n) = (—1)'^ if n is the product of k distinct primes. n^c^i^Ti^ is 

called Jordan's totient function. Finally, we define the real-valued function on (0, oo) 

by 



hco{x) 



^ n=l 



Note that the sum on the right-hand side is finite for any x > 0, since is supported 
on (0,1] by its definition. Therefore /i^ is well-defined and supported on [l,oo). 

Theorem 2.1 Let ^ ljo < 1/2. 

(1) Assume that there exists x^ 1 for every ujq < uj < 1/2 such that is nonneg- 
ative on (xi^,oo). Then <^(s) ^ in the right-half plane 3f?(s) > 1/2 + ujq. 

(2) Assume that the RH is valid for C{s). Then there exists x^ 1 for every < 
a; < 1/2 such that h^^ is nonnegative on [x^jiOo). 

In particular the validity of the RH is equivalent to the statement that there exists x^ \ 
for every < w < 1/2 such that is nonnegative on {xuj,oo). 

Remark The function gi^ has only one zero y^j in (0, 1) which tends to zero as — )■ 0^, 
and guj{x) > on (7/^^,1). Moreover, ^/y guiiv) — ^ 1 uniformly on any compact subset 
of (0, 1) as a; — )• 0"*". On the other hand, c^{n) > for all n G N because of the Euler 
product formula of '^n>i^'^('"')^~^ ■ Therefore h^{x) > for all 1 < x < y~^ without 
any assumptions. Hence the proper interest is in values of h^^^x) for x > yj^. 

2.2. Dirichlet L-functions. Let x be a real primitive Dirichlet character modulo q, 
and let 

ifx(-l) = l, 
^1 ifx(-l) = -L 

Let L(s, x) be the Dirichlet L-function associated with x which is defined by the se- 
ries X^nii x('^)^~* for 3^(s) > 1 and extended to an entire function on C. We de- 
note by 7(5, x) the factor 7r~*/'^r((s + 6)/2) of the completed L-function A(s,x) = 
g^/2^-/2r((s + <5)/2)L(s,x). 

Let < a; < 1/2. We define the function g^^^^ on (0,oo) by 

vr"^ 1 ^ / 2. 1 + - 2a; 



9xA^) = ^ { ^ ; A ' ^ ) (2.6) 



for < X < 1, and g^.ujix) = for x ^ 1, where f3{z;p, q) is the function defined in ()2.2p . 
By using ()2.4p . we define 

for natural numbers n. Finally, we define the real-valued function on (0, 00) by 

^ 00 

KA^) = I'^'-f^ Yl 9x,^ (^) • (2-7) 

^ n=l 

As well as hi^ of (|2.5p . h^^^y. is well-defined and supported on [l,oo). 
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Theorem 2.2 Let ^ a;o < 1/2. 

(1) Assume that L{s,x) 7^ for real s € (1/2 + uq, 1]. Moreover assume that there 
exists Xi_j ^ 1 for every ujq < u < 1/2 such that h-^^i^ of ()2.7p does not change 
sign on [x^,co). Then L{s,x) ^ in the right-half plane ?R.{s) > 1/2 + a;o- 

(2) Assume that the GRH is valid for L{s,x)- Then there exists x^j ^ 1 for every 
< uj < 1/2 such that h^^^ does not change sign on {xi^,oo). 

In particular the validity of the GRH for L{s,x) equivalent to the statement that there 
exists Xi^ ^ 1 for every < w < 1/2 such that h^^i^ does not change sign on (x^,oo). 

Remark We have L{s,x) / for real s if the series = J2n&''^^x{''^)^~^^^^^'^ at- 

tached to L{s, x) has a single sign on (0, oo) by the formula A{s, x) = /o°° ^x(-^^) x^~^^~^ dx 
which is valid for all s G C. We may check whether Oxi^) has a single sign by an ele- 
mentary way if the modulo q is small. 

2.3. General L-functions. In order to state the main result, we specify the meaning of 
"L-function" in the present paper according to Iwaniec-Kowalski [6l §5.1]. We say that 
L{f, s) is an L-function with the symbol / if we have the following data and conditions: 
(L-1) A Dirichlet series with Euler product of degree d ^ 1 

^(»./)=f;^=n('-^)"-(i-^)" 

n=i p / \ y / 

with Aj(l) = 1, Xf{n) G C, and af^i{p) G C. We assume that the series and 
the Euler product converges absolutely for > 1, and the local parameters 

af^i{p) {1 ^ i ^ d) satisfy |aj < p for all prime numbers p. 

(L-2) A gamma factor 

d 

jif,s) = 7r-'''/^l[T 

i=i 

with Uj G C. We assume that the local parameters {1 ^ j ^ d) are either real 
or come in conjugate pairs. Moreover ^{kj) > —1. 

(L-3) An integer q{f) ^ 1 such that af^i{p) ^ for p\ q{f) and 1 ^ i ^ d. 

(L-4) The complete L-function defined by 

A{f,s) = q{f)h{f,s)L{f,s) 

admits analytic continuation to a meromorphic function for s G C of order 1, 
with at most poles at s = and s = 1 with the same order r ^ 0. Moreover it 
satisfies the functional equation 

A{f,s)=e{f)A{f,l-s), 

where / is an object associated with / (the dual of /) for which Aj(n) = Xf{n), 
j(f, s) = 7(/, s), q{f) = q{f) and e(/) is a complex number of absolute value 1. 

It is said that L{f,s) satisfies the Ramanujan-Petersson conjecture if for any 1 ^ i ^ d 
we have |Q;/^j(p)| = 1 for all p \ q(f) and |a/^i(p)| ^ 1 otherwise. This implies, in 
particular, Xf{n) ^ Td{n) n*^ for the Dirichlet coefficients rrf(n) of C'^{s). The Grand 
Riemann Hypothesis (GRH for short) refers to the statement that all zeros of L(/, s) in 
the critical strip < ^{s) < 1 lie on the critical line K(s) = 1/2. 

The Riemann zeta function and Dirichlet L-functions are L-functions in this sense. 
Products C{s)''°L{s,xi)''^ ■ ■ ■ L{s,xi)''' {kj G Z^o, ^ j ^ /) of them are also L- 
functions. Other typical examples of L-functions are L-functions L(s, (f)) associated with 
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normalized Hecke eigen liolomorpliic cusp forms (p. As for the theory of holomorphic 
cusp forms, see Chapter 14 of [6], for example. We refer these examples as L-functions 
of the symbol / = 1, / = X) ^^(^ f = 't': respectively. 

Now we generalize Theorem 12. II and 12. 21 to L-functions. An L-function L{f, s) is called 
self-dual if / = /. Hereafter we assume that L(/, s) is self-dual. Then coefficients A/(n) 
are real for all n by definition of the dual /, and e(/) G {il}- The Rimeann zeta 
function and Dirichlet L-functions associated with real primitive characters are self-dual 
L-functions. An L-function attached to a normalized Hecke eigen holomorphic cusp form 
(j) satisfying W(f) = (p for the Fricke involution W is also self-dual L-function. 

Let < a; < 1/2. We define functions gf,uij, 1 ^ j ^ d on (0, oo) by 

9f,u.A^) ■■= —- x-^^^^{l-x'r-' (2.8) 

i [UJ) 

for < X < 1, and gf^u},j{x) = for x ^ 1. In addition, we define 

piix) := 5i{x) - 2w(l - 2u) x"^-^ - 2u{l + 2uj) x'^ 
for < X < 1, and pi{x) = for x > 1, where 6i{x) is the delta function at x = 1, and 



Prix) :-- 



[ ■ ■ [ Pi( 1 Pi(yi) • • •Pi(2/r-i) — • • • (r^2). 

Jo Jo Vyi---yr~i/ yi yr~i 



By using these functions, we define 

dfli^) '■= (Pr * 9f,Lu,i *■■■* 9f,u,d){x), (2.9) 
where r ^ is the order of the pole of A(/, s) at s = 1 and * means the multiplicative 
convolution {F * G){x) = F{x/y)G{y) y~^dy. Note that gf^^x) = for x > 1 by its 
definition. We define numbers fJ,f{n) by the Dirichlet coefficients of L{f,s)~^: 



n=l 



and define the numbers Cf^^^{n) by 

53 ,2,11) 



d\n 



Moreover we define the function /i^*^^ on (0, oo) by 

^ n=l 

As well as ()2.5p and (|2.7p , the right-hand side of (|2.12p is a finite sum for any fixed x ^ 1 

Ik) 

and vanishes for < x < 1. Finally we define the function /i^^ for A: G N by 

As proved in Lemma [4. II below, /ij'^^ is a well-defined continuous function on (0, oo). We 
have 

^ oo 

hfl{-) = ^U)-^Y.-Un)gtO (2-14) 

n=l 



if we put 



^f>):-[fjt%)'f (2.15) 



As proved in Lemma [4. II below, gj^ is a well-defined continuous function on (0,oo). 
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The function /i^^ is equal to (|2.5p (resp. (j2.7p ) if / = 1 (resp. / = x) by Lemma [4.31 
below. Now Theorems 12.11 and 12.21 are generalized as follows: 

Theorem 2.3 Let ^ < 1/2. Let L{f,s) be a self-dual L-function in the sense of 
the above. 

(1) Assume that L{f,s) ^ for any real s E (l/2 + a;o, 1]. Moreover assume that the 
following condition holds for some natural number k ^ 1: there exists x^^k ^ 1 for 

every ujq < uj < 1/2 such that /i^^^ of ()2.13p does not change sign on {x^^k,oo). 
Then L{f,s) ^ in the right-half plane ?R.(s) > 1/2 +Ct;o. 
(2-a) Assume that the GRH is valid for L(f,s). Then there exists x^^fc ^ 1 for every 

(k) 

natural number k ^ 2 and every real number < u < 1/2 such that hj^^ does 
not change sign on (X(^.fc,oo). 
(2-b) Assume that d = 1 {see (L-1)) and that the Ramanujan-Petersson conjecture 
and the GRH are valid for L{f, s). Then there exists x^^k ^ 1 for every natural 

(k) 

number k ^ 1 and every real number < uj < 1/2 such that hj ^ does not change 
sign on {x^^k^ oo). 

Remark Let L(s, be a self-dual L-function attached to a normalized Hecke eigen 
holomorphic cusp form (f) of weight k and level q. If (j){iy) has a single sign on (0, oo), e.g. 
the Ramanujan delta function, A(z) = e^'^*^ nj^i(l ~ e27rtnz-j24^ have L{s, 0) / for 
s G M by the integral formula A(s, /) = y^^~^^ /"^ (l){iyq~^ /'^) y^~^ dy. 

By Kaczorowski-Perelli [7], the assertion of (2-b) for A; = 1 is essentially (2) of Theorem 
12.11 and 12.21 One of obvious advantage of cases of d = 1; the Riemann zeta function 
(/ = 1) and Dirichlet L-functions (/ = x)) is that we can define functions /ij-^^ by 
elementally ways only because of the simplicity of the coefficients \f{n) and the gamma 
factor 7(/, s). 

It is not obvious whether the condition ^ 2 in (2-a) is relaxed to fc ^ 1 for any d > 1 
by a technical reason. However, we obtain the following result at least. 

Theorem 2.4 Let L(f,s) be a self-dual L-function. Assume that the GRH is valid for 
L{f,s). Then the function 

Rf,M := hflix) - e{f) ■ l[i,oo)(^) (2.16) 

belongs to L^{{l,oo),x^^dx) for every < uj < 1/2, where e{f) is the sign of the 
functional equation in (L-4) and l[i,oo) the characteristic function o/[l,oo). In other 

words, for large x ^ 1, /ij^^ has the definite sign e{f) in the sense of L'^. 

Gonversely, if ()2.16p belongs to L^{{l,oo),x~^dx) for every loq < uo < 1/2, Then 
L{f, s) ^ in the right-half plane 5i(s) > 1/2 -\- uq. 

In Theorem 12.31 we specified the special type function gj'^ of ()2.15p as a weight in 

(jl.ip . As found in (|2.3p or (|2.6p . the weight gj'^ has quite different form comparing 
with any other weights in the introduction and other usual weights studied in analytic 
number theory (see [111 §5.1], for example). One may consider that it is possible to 
extend Theorem 12.31 to more wide class of weights. Moreover one may wonder why we 
introduced the parameter uj (and k) which complicate the statements of results. 

(k) 

However we have a positive reason for the restriction of weights to the special gj/j- It 

(k) 

is in the connection between the weighted summatory functions hj^ and the theory of 
model subspaces of the Hardy space on the upper half plane generated by meromorphic 
inner functions. In this connection the case of A; = 1 has a particular importance. 

A model subspace is the orthogonal complement of some invariant subspace of the 
Hardy space. The theory of model subspaces is one of fruitful area of function analysis 
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and operator theory (see [ISllIS], for example). The existence of such background is a 
remarkable advantage of our summatory functions with the special weights. In general, 
it is hard to prove the monotonicity of J h if it is sufficient or equivalent to the GRH 
for some zeta/L-function. A reason of such difficulty may be in a situation that we can 
not reduce the monotonicity of J /i to other plausible problem inside/outside number 
theory, of course, except for an essential difficulty of the GRH itself. For example, as 
far as the author know, the monotonicity of primitive functions of ()1.2p . ()1.3p . and (|1.4p 
are not reduced to other reasonable problems inside/outside number theory. See the 
forthcoming paper |17| for bridges between weighted summatory functions h^p^ and the 
theory of model subspaces. 

3. Preliminaries 

Notation. We denote hy s = a + it the complex variable with the real part a and the 
imaginary part t, and use e to express arbitrary small positive real number. For a positive 
valued function g{x), we use Landau's f{x) = 0{g{x)) and Vinogradov's f[x) <^ g{x) as 
the same meaning in the usual sense. Also we use Landau's f{x) = o{g{x)) for x — t- oo 
in the meaning that for any e there exists x^ > such that |/(a;)| ^ £g{x) for x ^ x^- 

The following lemmas are used repeatedly in the later sections. 
Lemma 3.1 (Stirling's formula [6l A. 4 of §5]) Let — oo < di < (J2 < oo. We have 

T{a + it) = ^|t|-+*t-l/2e-(-/2)|thit+sgn(tKV2)(<x-l/2)(^^Q(|^|-l)) (3^^) 

for cTi ^ cT ^ (72 and \t\ ^ 1. 

Lemma 3.2 ([H (5.35) of p.l95]) For K(s + a) > and K(/3 - a) > 0, we have 

r(s + /3) T{l3-a)jQ ' X ^ ^ 

4. On THE FIRST HALF OF THEOREM 12.31 
In this section, we prove Theorem 12.31 (1). We define the entire function ^(/, s) by 

e(/,s) := s'{s-lYA{f,s), 
where r is the order of the pole of A(/, s) at s = 1 (see (L-4)), and put 



(s — a;)(s — w — 1) 
{s + u}){s + u - 1) 



^^illl^. (4.1) 



Lemma 4.1 Let < oj < 1/2 and k e N. Functions gfl of (l2T5]l and hfl of (I2T3D 

are continuous functions on (0, oo) supported on (0,1] and [l,oo), respectively. 

Proof. By ()2.14p . it is sufficient to prove that g^^^ is a continuous function on (0, 1] and 
lim g^f'\j{x) = 0. By ()2.15p . it is reduced to the case k = 1, and we have 



(^) = / V^9y,Liy) -f- (4.2) 
J X y 

Because L^{{{),\),x~^dx) is closed under the multiplicative convolution, g^^ belongs to 
L'^((0, l),x~^(fx) by definition (|2.9p and the assumption < a; < 1/2. Hence the right- 
hand side of (j4.2p is a continuous function on (0, 1) and tends to zero as x — t- 1^. □ 

Lemma 4.2 Lei < a; < 1/2 and G N. We have 

" h^^Ux)x"^~'—- -^^^^^^ f4 3l 
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together with the absolute convergence of the integral for sufficiently large K(s) > 0. 
Under the Ramanuj an- Peters son conjecture, the region of the absolute convergence is 
relaxed to the right-half plane K(s) > 1 -\- u. 

Proof Put 7,(/, s) := 7r~^/^T{{s + K,)/2) for 1 ^ j ^ d such that ^{f, s) = UU Ijif, s)- 
Applying (|3.2p to functions gjj^uj of (|2.8p . we have 



X lj{f,s + u) 



for K(s)>l + a;, 



(4.4) 



since K(kj) > —1 (see (L-2)). On the other hand, we have 



Pl[X) X 



(s — io){s — UJ — 1) 



for 3[?(s) > 1 + a; 



(4.5) 



X (s + w)(s + w - 1) 

by elementary ways. Applying Theorem 44 of |18j to ()4.4p and (|4.5p with definition ()2.9 
we obtain 



(0) . X s 



{s — bj){s — U — 1) 



_{S + U)){S + OJ - I) 

Using (|2.15p repeatedly, we have 



l{f,s + u) 



for K(s) > 1 



■ IjO. 



(-1) 



k-l 



{k-l)l 



- ( log - 



x\ (0> 



while 



{k-l)\ 



-1/2/ 



X "'"(logx)'" " X' 



. dx 

X 



{s-l/2f 



for 5i(s) > 1/2. 



(4.6) 



(4.7) 



(4i 



Therefore, by applying Theorem 44 of |18| again to ()4.6p and (|4.8p with ()4.7p . we obtain 



(s — a;)(s — ti; — 1) 



(s- l/2)fc 

By definition (f2J0]l and (f2TT]) . we have 



(s + a;)(s + L^-l) 



7(/^'S -cj) 
7(/,s + a;) 



for K(s) > 1 + w. 

(4.9) 



A/(m) 



^/(n) _ L{f,s-uj) 



(4.10) 



..^ , .1^+'^ L(/,s + w) 

n=l m=l n=l 

as an equality of formal Dirichlet series. However all Dirichlet series in (|4.10p converge 
absolutely if ^(s) > is sufficiently large, since we assumed |aj^j(p)| < p (see (L-1)). 

Under the Ramanujan-Petersson conjecture, the region of the absolute convergence of 
the Dirichlet series ()4.10p is relaxed to K(s) > l+w, since A/(n) <Ce and ^f{n) n^. 
Hence, (I2.14p . ()4.9p . (|4.10p . and Fubini's theorem derive the assertion we needed. □ 



or 



Lemma 4.3 The function g^ of (|2.3p (resp. g^^uj 

of ([221)) IS equal to gfl of (I2T3D /< 
/ = 1 {resp. f = x)- 

Proof. This is a simple consequence of (|3.2p and |18| Theorem 44] by ()2.ip and (|2.2p . □ 

Proof of Theorem 12.31 (1). We prove that A(/, s) 7^ for any s € C in the strip 
1/2 + Wo < K(s) ^ 1 by contradiction. Note that A(/, s) ^ for K(s) > 1 by the Euler 
product of L{f,s) with its convergence condition and the assumption on the gamma 
factor 7(/, s). By the assumptions of Theorem 12.31 (1). a well-known theorem of Landau 
(see |20l §5 of Chap. II], for example) and formula ()4.3p imply that 0/,tj(s) has no poles 
in the right-half plane ^{s) > 1/2 for every loq < lo < 1/2. 

Suppose that there exists a zero p of A(/, s) such that 1/2 + < ^{p) ^ 1 and 
|9(p)| > 0. We take some T > \Q{p)\ > 0. Then the set 

1 



s G 



A(/,s) 



0, -+6.o<5ft(s)^l, Mp)\ <T 
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is non-empty and finite. Therefore we may assume that 5R(p) is minimal in Z-x by 
replacing p by another zero in if necessary. 

Obviously it is possible to take (0 ^) < ^ < 1/2 such that 

^ + wo < <5i(p) < ^+a; + (w-wo)- (4.11) 

For such w, we put s := p — u. Then A(/, s + uj) = A(/, p) = with 

i<3f?(s)<i+w-^^o. (4.12) 

This implies A{f,s — u) = 0, since |3'(p)| > and 0/,i^(s) has no poles on 5i(s) > 1/2. 
By the functional equation, A(/, 1 — s + w) = e(/)A(/, s — uj) =0. Hence 1 — s + a; is a 
zero of A(f,s) having a nonzero imaginary part. For this zero, (|4.12p implies 

^ + Wo < 5R(1 - s + cj) < ^ + w (< 1). 



This contradicts the choice of p by (|4.1ip . 



□ 



5. On THE LATTER HALF OF THEOREM 12.31 AND THEOREM 12.41 

In this section, we prove Theorem 12.31 (2-a). (2-b), and Theorem 12.41 We start from 
the preparation of lemmas. 

Lemma 5.1 Let /c G N. Suppose that Cf^^{n) = 0{^f^^{n)) for some positive valued 
arithmetic function ipf^uj- If c> and T > are sufficiently large, we have 



X 2 



27TiJ,_iT (5-1/2)'= 



\ J'k+dw I I T'^+'^Y^ ) 

for X > 1 with X ^TL. 

Proof. By the Stirling formula (|3.ip . in any vertical strip of finite width, there exists 
To ^ 1 such that 

= {27r)'^\t\-^e-'^'>^-^'\l + 0{\t\~^)) for |t| ^ Tq. (5.1) 

7(/,s + a;) 

By (|4.7p and the summability of |5fj'^^(x)| on (e, 1), g^^l^ belongs to C^{0,1) and is of 
locally bounded variation. Therefore the Mellin inversion formula of ()4.9p holds for 
0<x<landc>l+a; (CH Theorem 28]): 



(s-1/2)^ 



{s — ijj){s — bJ — 1) 

{s + uj){s + uj- 1) 



l{f,s-uj) 



X " ds. 



Note that we may understand as T ^ To, since we assumed that T is sufficiently large. 
By (|5.ip . we have 

-j^ r-c+iQO 



(s — ui){s — OJ — 1) 
{s + uj){s + u;-l) 



7(/, s-uj) 



X * ds 



x-=(27r)'^--ie-^ 



-dw 



T (c-l/2 + zt)^ 



T ((C- 1/2)2 +t2)fc 



{l + 0{\t\~^))x-'Ut 
x^'^ dt + O (x~^T' 



k—duj 
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The function t^~'^/{{c 
monotonically if |t| > Ti for some Ti > 0. Therefore 

i-k—du) 

X 



1/2)^ + t^)^ in the integral of the right-hand side decreases 



T 



((C- 1/2)2 + t2)A 



dt 



-tk—dw 



log X((C- 1/2)2 +r2)fc 



by the first derivative test (see [5l §2.1], for example) if T ^ max{To,ri}. Hence 



1 

+ o 



c+iT 



1 



-iT 
1 



1 



l/2f 
+ 



■uj){s 



1) 



By (I2T2]1 . iKT\i . and (030]), we have 



[s + U}){s + UJ 

1 1 

x" log X T^+A^'- 



lif,s-uj) 
l{f,s + uj) 



X " ds 



1 

27ri 

+ 




2 ds 



+ 



^c-l/2 
'J^k+dw 



n'^l log(n/x)| 

n=l " V / 



since c is large. Sums in the error terms are estimated by a standard way (see |19| §3.12], 
for example), and then we obtain the desired formula. □ 

Lemma 5.2 Let Q < u < 1/2. Assume that the GRH of L{f,s) is valid. Then we have 
\Qf,Us)\ < 1 for 3?(s) > 1/2, and |G/,^(s)| = 1 for K(s) = 1/2. 

Proof. Recall that e(/) G {il} by the self-duality of L(f,s). Applying Theorem 4 
of [9] to (,{f,s), we obtain |0j(^(s)| < 1 for 5i(s) > 1/2. Using the functional equation 
af,s) = eifmf, 1 - s) in (SI]), we obtain |Gj,^(,)| = 1 on 3?(s) = 1/2. □ 

Lemma 5.3 Assume that the Ramanuj an- Peters son conjecture and the GRH for L{f , s) . 
For any e > we have 



L{f,a + it) <C < 



\tf' 



if 1/2, \t\ oo, 
if a < 1/2, \t\ — ^ oo. 



where the implied constant depends on f and e. We can take e = if a > 1 or a < 0. 
Moreover 



1 



L{f,a + it) 
in the right-half plane a ^ 1/2 + e. 



<. t 



de 



oo 



Proof. For ^ u ^ 1, the estimate for L(f,s) is a consequence of Corollary 5.20 of [6] 
and the Phragmen-Lindelof convexity principle. We have L{f, a -\- it) <^ 1 for o" > 1 by 
the absolute convergence of the Dirichlet series, and L{f,a + it) < |i|'^(i/2-^T) fo^. ^ ^ g 
by the functional equation and the Stirling formula (|3.ip . The estimate for L(/, s)~^ is 
a consequence of Theorem 5.19 of [6]. □ 

Proof of Theorem [23] (2-a). Let < w < 1/2, < (5 < w, and T ^ max{ro,ri}, 
where Tq and Ti are positive real numbers appeared in the proof of Lemma 15.11 

We consider the positively oriented closed path consisting of the vertical line from 
c — iT to c -\- iT, the horizontal line from c -\- iT to 1/2 -|- iT, the vertical line from 
1/2 -|- iT to 1/2 -|- i6, the counter-clockwise left-half circle Cs of radius 6 around s = 1/2, 
the vertical line from 1/2 — i5 to 1/2 — iT, and the horizontal line from 1/2 — iT to 
c — iT. In the interior of the closed path 0j^^(s)/(s — 1/2)^^ has no poles except for 
the pole of order A; (^ 2) at s = 1/2, since Qj^cu^s) has no poles in the right-half plane 
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K(s) > 1/2 - w by the GRH for L{f, s) and e/,^(l/2) = e(/) G {±1} by the functional 
equation of A(/, s). Thus the residue theorem gives 

1 r^'^ QfA^ 



\ JCs Jl/2+S Jl/2-iT Jl/2+iT Jl/2-iT / " ^/^) 

(5.2) 

where Pk is the polynomial of degree k — 1 with real coefficients such that 



Pfc(logx) = Res fy^^^^^^r^' 

^ ^ ^ s=l/2 V(S- 1/2)'= 



The leading term of Pfc(logx) is 

By Lemma [5.21 the fourth and fifth integrals in the right-hand side of (|5.2p are estimated 



as 



i 



1/2+iT 



Jl/2-^T is-1/2)'^ A/2 



^l/2-^T| {s-l/2f A/2 TMogX 

By Lemma [5.H (|5.2p . and (j5.3p . we obtain 

.l/2+ioo H/2-,5\ 0^^^(g) 



(5.3) 



hflix) = Pkilog x) + 1^ + 



x^ 2 ds 



{s - l/2f (5.4) 



1/2+5 Jl/2-ioo^ 

=: Pfc(logx) -/i +/2 +I3 

say, by tending T — t- 00 for fixed x ^ 1. Here the integrals I2 and /a are absolutely inte- 
grable, since |0/,tj(s)| = 1 on the line ?R.{s) = 1/2 by Lemma [5.21 and k ^ 2. Therefore, 

-^2 + -^3 = 0(1) {x 00) 

as a function of x by the Riemann-Lebesgue lemma ( |18[ Theorem 1]). In addition, we 
have 

/•7r/2 1 

h « / x-^^°^'' dO < {x^oo). 

Jo log X 

Hence we obtain 

hflix) = e(/)(log x)'=-i (1 + 0((log x)-i)) . 

(k) 

In particular /i^^ does not change sign for large x > 0. □ 

Proof of Theorem 12.31 (2-b). It is sufficient to prove the case k = I only, since the 
other cases are proved by a similar way with the above. 

Let < CO < 1/2, < 5 < ui, and T ^ max{ro,ri}. We consider the positively 
oriented rectangle with vertices at c + iT, 1/2 — d + iT, 1/2 — S — iT and c — iT. In 
this rectangle Qf^ui{s)/{s — 1/2) has no poles except for the simple pole at s = 1/2 with 
residue e{f) by a similar reason with the above proof. Thus the residue theorem gives 



1 r+*^e/,,(s 



1 



27ri y^-iT s - 1/2 



X 2 ds 



+ / +/ -/ \^^x^~-2ds 

^71/2-5-17 Jl/2~5+iT Jl/2~5-iTj S-i/l 

e{f) + h+h-h, 
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say. Recall that d = 1. By Lemma 15.31 and the Stirling formula ()3.ip . we have 

T 1^,5+ 



h <. I j^-- dt < {x/TyT\ (5.6) 



and 



l/2+uj 



1/2 |cT-l/2 + ir| J^^^^^ \a- 1/2 + iT 



ixlTY - 1 x^"^ 



(5.7) 



By Lemma ISTTl (|5.5p . ()5.6p . and (|5.7p . we obtain 



(.) ^ .(/) . o (,./T)-r) . o (,^^^) + o (^.^ 

+ O f ^""^ ^ ^qI ^/,^(2x)xV^ loga: \ ^ ^ ^ V'/,^(2;) 



Ti+'^(c- 1 - w)M I ri+'^ y \T^+^^J' 

By the Ramanujan-Petersson conjecture we have \f{n) rf and fJ-jin) n^- There- 
fore we can take c = 1 + u + e and tpf^uj{x) <^ x^. Hence we have 



By taking T = for some ((1/2) + co + e)/{l + u - e) < A < 6/{d + e) (roughly, for 
some 2/3 <A<lbyO<a;< 1/2), we obtain 

hflix)=eif) + 0{x-'') (x^oo) 

for some small B > 0. In particular h^^^ does not change sign for large a; > 0. □ 

Proof of Theorem 12.41 The first half of Theorem 12.41 is obvious by the proof of 
Theorem 12.41 (2-a) . In fact, the integrand of integrals I2 and I3 in (|5.4p is L^, and hence 
I2 + I3 belongs to L'^{{l,oo),x~^dx). In addition, as already found, Ii in (|5.4p also 
belongs to L^((l, 00), x"^(ix). 

We prove the latter half of Theorem 12.41 By (j4.3p , we have 

dx _ Qf,Us) - £(/) 



Rf,uj{x) X 



X s-1/2 

for s G C with large K(s) > 0. By Rj^^ G L^{{l,oo),x~'^dx) and Theorem 10 of [20l 
Chap. II], we find that (0/,i^(s) — e(/))/(s — 1/2) has no poles in the right-half plane 
3fi(s) > 1/2. Then, by the argument of the proof of Theorem 12.31 (1), we arrive at the 
desired conclusion. □ 
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